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same relation as Eq. (24) also holds for the displacement and
momentum thicknesses. Since the wall friction and heat trans-
fer are proportional to/"(0), it can be shown that the values
for the conical N-S equations are larger than for the complete
N-S equations by the factor of 2/VT= 1.154, i.e., by about
15%.

Concluding Remarks
The axisymmetric viscous flows for the conical Navier-

Stokes (N-S) equations and the complete N-S equations look
very much the same; the boundary layers both being described
essentially by the Blasius equation. The similarity scales, how-
ever, are different; hence, the boundary layers for the conical
N-S equations are thinner. Because the displacement thickness
is smaller for the conical N-S equations, the shock location
will be displaced outward by a lesser amount than for the
complete N-S equations when viscous interaction effects are
taken into account, i.e., when e becomes larger (or r smaller).
This discrepancy in the shock location, compared with experi-
ment, has also been noticed in Refs. 2 and 3.

References
^nderson, D. A., Tannehill, J. C., and Pletcher, R. H., Computa-

tional Fluid Dynamics and Heat Transfer, McGraw-Hill, New York,
1984, pp. 472-475.

2McRae, D. S., "The Conically Symmetric Navier-Stokes Equa-
tions: Numerical Solution for Hypersonic Cone Flow at High Angle
of Attack," Air Force Flight Dynamics Lab., Wright-Patterson AFB,
OH, Rept. AFFDL-TR-76-139, March 1977.

3Bluford, G. S., "A Numerical Solution of Supersonic and Hyper-
sonic Viscous Flow Fields Around Thin Planar Delta Wings," Air
Force Flight Dynamics Lab., Wright-Patterson AFB, OH, Rept.
AFFDL-TR-78-98, Sept. 1978.

4Bluford, G. S., "Numerical Solution of the Supersonic and Hyper-
sonic Viscous Flow Around Thin Delta Wings," AIAA Journal, Vol.
17, Sept. 1979, pp. 942-949.

5McMillin, S. N., Thomas, J. L., and Murman, E. M., "Euler and
Navier-Stokes Solutions for the Leeside Flow Over Delta Wings at
Supersonic Speeds," Proceedings of the AIAA Fifth Applied Aerody-
namics Conference, AIAA, Washington, DC, Aug. 1987.

6Ruffin, S. M. and Murman, E. M., "Solutions for Hypersonic
Viscous Flow Over Delta Wings," AIAA Paper 88-0126, Jan. 1988.

7White, F. M., Viscous Fluid Flow, McGraw-Hill, New York,
1974, pp. 617-618.
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Nomenclature
Iu ,/y ,/w = integrals that determine L//, K/ and Wf, see Eq. (1)
IU,IV,IW = integrands defined in Eqs. (1-3)
Iur ,Ivr ,Iwr = remainders used in determining Iu, Iv, and Iw
n = number of blades
p = vortex pitch
R,R(j,n) = lengths defined in Eqs. (4) and (1), respectively
r = radius

Received March 27; 1989; revision received June 12, 1989. Copy-
right © 1989 American Institute of Aeronautics and Astronautics,
Inc. All rights reserved.

* Senior Lecturer, Department of Mechanical Engineering.
tGraduate Student, Department of Mechanical Engineering.

U,V,W = velocity in direction of x,y,z in Fig. 1
Ui»Vi»Wi = velocities induced by the trailing helical vortices
x,y,z = co-ordinate directions defined in Fig. 1
& = defined in Eq. (8)
e = absolute error in approximating Iu, IV9 and Iw

using remainders
T = vortex strength divided by tip radius
0 = angle defined in Fig. 1
6m = upper limit for finite integrals

Subscripts
i = point at which induced velocities are required
v = trailing vortex

Introduction

BOUNDARY integral or "panel" analyses of rotors, pro-
pellers, and wind turbines all require the velocities in-

duced by the trailing helical vortices; often these are assumed
to have constant pitch. A straight- for ward application of the
Biot-Savart law then gives I// , Vt , and Wi in terms of infinite
integrals which have no analytic solution. For example, in the
co-ordinate system defined in Fig. 1 , the axial velocity induced
by the n vortices (all of radius rv) trailing from n blades is given
by

r
—
4ir

r
—
47T

where

and

rl - rfrv cos(0 + 0V + 2irj/n -
(1)

7 = 0

R2(j,n) = r2 r - v cos(0 + 6V + 2irj/n -

(pB xv -

Only one blade and one trailing vortex are shown in Fig. 1
and all lengths are normalized by the tip radius. The Vt and Wi
are obtained from Eq. (1) by replacing Iu(n) by Iv(n) and
7W(«), respectively, where

zi -prv cos(0 + 6V

sin(0 + Ov (2)

BU\DE

Fig. 1 Coordinate system for wind turbine. View is downstream at
blade; the axial or x direction is into page. Typical distribution of
panels on lower surface is shown; blade is rotating clockwise.
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v sin(0 + Ov

7 = 0

-(pO + xv - Xj)rv cos(0 + 6V + 27T/7/7)
(3)

In the method developed by Rand and Rosen,1 Graber and
Rosen2 and Chiu and Peters,3 each of 7M(«), Iv(n), and lw(n)
is approximated as the sum of a finite integral with an upper
limit Bm and an analytic "remainder" covering the range Bm to
infinity. The finite integral is evaluated numerically, and the
remainder is the integral of a mean of the so-called upper and
lower "bounds" for 7W(«), Iv(n) and Iw(n). The common al-
ternative to the use of remainders is some form of "far-wake"
approximation, which also gives analytical results. Examples
are given by Miller4 and Hess and Valerazo,5 but these are
more complicated than the remainders derived here.

There are two unsatisfactory aspects of the method of Refs.
1-3. First, there is no guarantee that the bounds are, in prac-
tice, tight upper and lower bounds on Iu(n), Iv(n), and Iw(n).
Second, the determination of the mean necessarily involves
uncertainty over the relative contributions from the upper and
lower bounds. While these are not necessarily major problems,
they can be avoided by using alternative remainders that are
integrals of the "semiasymptotic" forms of Iu(n), Iv(n), and
Iw(n). The alternative remainders are simpler than those in
Refs. 1-3 but appear to be useful only whenp is larger than for
the rotors considered in those references. The suitable range of
n has not been determined, but the method seems particularly
appropriate for n =2 because then the integrands in Eqs. (1-3)
oscillate about the semi-asymptotic approximations.

Derivation of Alternative Remainders
The derivation of the alternative remainders, Iur, Ivr, and

Iwr, is straightforward. First we chose a value of 0, 0W, for
instance, large enough for R2(j,n) in Eqs. (1-3) to be replaced
by R2 for 0>0m, where

7?2 = r2 + r2 + (^0 + ̂  _ x.)2 (4)

[The asymptotic form of R2(j,n) is just (pB)2 so that Eq. (4) is
the serm^symptotic form.] This equalizes the denominators in
Eqs. (1-3), and 7W(«), for example, can be approximated as

cos(0 + Ov + 2-KJ/n - 0,)

because

7 = 0

cos(0 + Bv + 2-jrj/n - 0,) = 0

(5)

(6)

(7)

for any n 1. The integration of Eq. (6) between Bm and infinity
gives

where

Iur(n) = nrl

= [1 - (P0m + xv -;Xi)/R(Bmy\/[rt + r2]

(8)

A similar use of Eq. (7) for the other components gives, upon
integration, • •

(10)
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Fig. 2 Variation of the required Bm with p; n = 2, jc/ = xv = 0,
Bt =BV= 7T/2, n = 0.9, and rv = 0.6 7W(2), V; ^(2), A; /v(2), X;
open symbols are with remainders; closed symbols without remain-
ders.

respectively. Equations (8-10) are considerably simpler than
Eqs. (11-18) of Chiu and Peters.3 (Of course, all of these
equations have the correct asymptotic form.) To return to the
example, Iu(n) can now be approximated as

Iu(n)dB + Iur(n)

Discussion and Conclusions

(11)

The efficacy of using Eq. (11) and its equivalents for Iv(n)
and Iw(n) can be investigated using n = 2, xf = xv = 0,
0/ = 0y7r/2, /•/ = 0.9, and rv =0.6. This was the case considered
by Rand and Rosen1 and Chiu and Peters3 with/? = 0.05; the
present results were obtained for 0.05 <p < 5.0. The 6m (and
hence 6m + Ov - 0/) was set to m-x where 1 < m < 200 and an
integer, and the finite integral was evaluated using Romberg
integration with an absolute error of 10 ~6. The error, e, in
using the remainders was obtained from the difference be-
tween Eq. (1 1) (or its equivalents) for the particular Bm and that
for Bm = 2007T. The results are shown in Fig. 2 in terms of the
value of Bm required to make e less than 10 ~4. This value of e
was used by Chiu and Peters3 a id was chosen here to allow
comparison with their results. Further, it is sufficiently larger
than the errors in determining the finite integrals not to inter-
act with those errors. Figure 2 also shows 6m required for the
same e without using the remainders. For Iu(2) and 7W(2), the
remainders reduce the required Om by an order of magnitude.
By Eq. (9), Ivr(2) is zero whenever zi = 0, as in this case.

For all components, the required 0m depends strongly onp;
when p = 0.05, Bm is 90, 176, and 55?r for 7M(2), 7y(2), and
/w(2), respectively. Figures 4 and 6 in Ref. 3 show that the
same accuracy was achieved at around 157T for/? =0.05 using
their remainders. The present method, therefore, is unsuitable
for small values of p. However, asp increases to values more
typical of wind turbines and propellers, that is, around 0.4 and
greater, the present remainders become more attractive. For
Iu(2) and 7W(2), the required Bm is only 3?r when p = 1.0. As
shown in Fig. 2, the required Bm is nearly inversely propor-
tional top . In other words, the streamwise distance to the start
of the region where the semiasymptotic approximation is valid
is almost independent of p. Since this region can be associated
with the farwake, the present remainders could be used as the
basis of a very simple far- wake model.

The present method is least satisfactory for 7y(2). However,
there are two reasons why Vf need not be evaluated as accu-
rately as Uj and Wt. First, the y axis is nearly tangential to most
panels on the blades so that the .y -direction velocity, of which
Vi is a component, has little effect in determining the singular-
ity distribution. Second and subsequently, the component of
the tangential velocity due to the y -direction velocity is usually
much smaller than the other components so that it does not
contribute significantly to the blades' surface pressure.
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It was stated earlier that the present method is particularly
suited for n = 2. The reason is that 7W(2) and Iur(2) are equal
whenever Bm + 6V — 0/ is an odd-integer multiple of Tr/2, as are
7y(2) and Ivr(2) and Iw(2) and Iwr(2). The semiasymptotic ap-
proximations are then, in some sense, a mean of the actual
oscillating integrands. They lead to remainders which have the
advantage of being simpler than those in Refs. 1-3 but have
the disadvantage of being useful over a smaller range of vortex
pitch.
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Higher Order Sensitivity Analysis of
Complex, Coupled Systems
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Introduction

I N design of engineering systems, the "what if" questions
often arise such as, What will be the change of the aircraft

payload if the wing aspect ratio is incremented by 10%?
Answers to such questions are commonly sought by incre-
menting the pertinent variable and re-evaluating the major dis-
ciplinary analyses involved. These analyses are contributed by
engineering disciplines that are usually coupled, as are the aer-
odynamics, structures, and performance in the context of the
preceding question.

The "what if" questions may be answered to the linear
order of approximation without using the "increment-and-re-
evaluate" approach and without finite differencing of the
system analysis, by using a method introduced in Ref. 1 for
calculating the first derivatives of behavior of coupled systems
with respect to design variables. The method called the system
sensitivity analysis has been demonstrated in formal optimiza-
tion that used the derivatives to guide search in multidimen-
sional design space, e.g., Refs. 2 and 3. Obviously, if the prob-
lem is strongly nonlinear, the efficiency of such search will im-
prove if second- and, possibly, higher-order derivatives are
available to the search algorithm. A need for the second-order
derivatives to enhance the method of Ref. 1 applied in such
problems is discussed in Ref; 4.
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This Note extends the algorithm of Ref. 1 to include the de-
rivatives of the second and higher orders, again, without finite
differencing of the system analysis. It achieves that by recur-
sive application of the same implicit function theorem that
underlies Ref. 1. As a supplement to Ref. 1, the Note is not
self contained; it references equations in Ref. 1 (such refer-
ences are shown as "Ref. 1/Eq. No.") and requires that refer-
ence as a prerequisite.

First-Order Sensitivity Analysis
The sensitivity problem stated in Ref. 1 calls for calculation

of the derivatives of a vector Y solving the governing equa-
tions, Ref. 1/Eq. (1), with respect to a design variable Xk. The
algorithm developed in Ref. 1 yields the derivative of Y as a
solution vector Z of the sensitivity equations, which are linear,
simultaneous, algebraic equations of the form

AZ=R (1)
In Ref. 1, the terms in the preceding equation are defined by
two equivalent sets of equations: either Ref. 1/Eq. (4) (based
on the residuals and called the Global Sensitivity Equations 1,
GSE1) or Ref. 1/Eq. (8) (based on the output/input partial
sensitivity derivatives and called the Global Sensitivity Equa-
tions 2, GSE2). The contents of the matrix of coefficients A
and the right-hand-side vector R are different in the preceding
two alternative formulations, but the solution vector Z is the
same and represents the derivative of Fwith respect to the Ath
element of the vector of design variables X. It has the meaning
of the total derivative because it reflects both the direct and in-
direct influences of Xk on Y.

Sensitivity Analysis of Second and Higher Orders
Generalization of the preceding first-order sensitivity analy-

sis to higher orders is straightforward by taking advantage of
the linearity of Eq. (1) herein. Although most of the linear al-
gebra texts ignore the matter, algorithms for sensitivity analy-
sis of the linear algebraic equations solution have been deve-
loped in structural sensitivity analysis. They stem from the
same implicit function theorem that was the basis for Ref. 1,
e.g., Refs. 5 and 6, and they extend to the second-order deriv-
atives, e.g., Refs. 7 and 8. The pattern established in these al-
gorithms will be adapted to solve the problem at hand.

A compact notation for the derivatives will be used in the re-
mainder of the Note:

)dxkdxldxm (2)

where any subscript may by repeated as required to form a
high-order, mixed derivative with respect to any combination
of variables X.

In the preceding notation, the correspondence of Eq. (1)
above to Ref. 1/Eq. (4) and Ref. 1/Eq. (8) makes the deriva-
tives of Z with respect to X equivalent to the derivatives of Y
with respect to X, as follows (Z is already the first derivative
of Y):

_ VN+lkl— JL "i (3)

Repeated differentiation of Eq. (1) yields the derivatives of Z
according to a regular pattern, shown up to the fourth deriva-
tive as

} = R]-A}Z°

n = R]mn -A\&lm -D\ (A^m Z]) -

(4)

(5)

(6)


